Our purpose in this work is to present several coupled fixed point results for different contraction mappings on cone metric spaces over Banach algebras by virtue of the properties of spectral radiuses. Also as an application, we give a simple example at the end of the paper.
Introduction
The coupled fixed point theorems of contractions as well as the iterative technique are useful and are applicable to many situations. For example, Gnana Bhaskar and Lakshmikantham [4] , by using a weak contractivity type of assumption, proved a fixed point theorem for a mixed monotone mapping in a metric space endowed with a partial order, moreover they used the obtained results to verify the existence and uniqueness of solution for a periodic boundary value problem. In order to extend and generalize some recent fixed point results of mixed monotone mappings, Lakshmikantham andĆirić [6] introduced the concept of the mixed g-monotone mappings and presented several coupled coincidence and coupled common fixed point theorems for the mixed g-monotone mappings under certain contractive condition in partially ordered complete metric spaces. Recently, there is a trend to study the existence of fixed point of contractions on cone metric spaces (see [1-3, 8-12, 14, 15] ). In particular in the past three years, some researchers started to study the existence problems of (coupled) fixed points for some contractions in cone metric spaces over Banach algebras (see [7, 16] ). It is of interest and signification to determine if it remains possible to establish the existence of a unique (coupled) fixed point of a mixed monotone mapping in such a space since as pointed out in [7] , it can be proved that cone metric spaces over Banach algebras are not equivalent to metric spaces in terms of the existence of the fixed points of some nonlinear mappings. In this paper, we follow the trend to study the existence problem of coupled fixed points for different contraction mappings on cone metric spaces over Banach algebras. And for the sake of showing the availability of our results, an example is also given.
More precisely, we prove the existence of (x, y) ∈ X × X for the mappings F, G : X × X → X and g : X → X, such that F (x, y) = G(x, y) = gx and F (y, x) = G(y, x) = gy, where X is a partially cone metric space over Banach algebras. Furthermore, we present other coupled fixed point results and coincidence point results under some natural and weak assumptions.
Preliminaries
In this section, we mainly recall some necessary conceptions and notations. We assume always that the Banach algebra A has a unit e, i.e., ex = xe = x for all x ∈ A. x ∈ A is said to be invertible if there is y ∈ A such that xy = yx = e. The inverse of x is denoted by x −1 . We refer the reader to [7] for more details.
A non-empty closed convex subset P of the Banach algebra A is called a cone if
(ii) αP + βP ⊂ P for all non-negative real numbers α, β;
where θ denotes the null of the Banach algebra A. Given a cone P ⊂ A, we define a partial ordering " " with respect to P by x y if and only if y − x ∈ P . x ≺ y stands for x y and x = y. x y stands for y − x ∈ intP , where intP is the interior of P . P is called a solid cone if intP = ∅.
Definition 2.1 ([5]
). Let X be a nonempty set and A be a real Banach algebra. Suppose that the mapping d : X × X → A satisfies:
Then d is called a cone metric on X and (X, d) is called a cone metric space over the Banach algebra A.
In the following, we always assume that (X, d) is a cone metric space over the Banach algebra A.
Definition 2.2 ([14]
). An element (x, y) ∈ X × X is called a coupled fixed point of the mapping F :
Note that if (x, y) is a coupled fixed point of F , then (y, x) is also a coupled fixed point of F .
For the following concepts, we refer the reader to [6] , [8] and [15] . An element (x, y) ∈ X × X is called a coupled coincidence point of the mappings F : X × X → X and g : X → X if F (x, y) = gx = x and F (y, x) = gy = y.
Let {x n } be a sequence in X and x ∈ X. If for every c ∈ P with θ c, there is N ∈ N (the set of non-negative integers) such that d(x n , x) c for all n ≥ N , then {x n } is said to be convergent and {x n } converges to x. Meanwhile x is called the limit of {x n }. We denote this by lim
If for every c ∈ P with θ c there is N ∈ N such that d(x n , x m ) c for all n, m ≥ N , then {x n } is called a Cauchy sequence in X. (X, d) is complete if every Cauchy sequence in X is convergent. Let f , g be self-mappings on X. Then x ∈ X is called a coincidence point of pair (f, g) if f x = gx, and z ∈ X is called a point of coincidence of pair (f, g) if f x = gx = z.
Next we review several lemmas which are indispensable for our proofs.
Lemma 2.3 ([16])
. Let x, y be vectors in A. If x and y commute, then the spectral radius r satisfies the following properties:
Lemma 2.4 ([10]
). Let P be a solid cone in the Banach algebra A and if x n → 0(n → ∞), then for any θ c, there exists N ∈ N such that for any n > N , we have x n c.
Lemma 2.5 ([10]
). Let P be a solid cone in the Banach algebra A and let {u n } be a sequence in P . Suppose that k ∈ P is an arbitrarily given vector and {u n } is a Cauchy sequence in P , then {ku n } is a Cauchy sequence too.
Coupled coincidence point results for contractions on cone metric spaces over Banach algebras
In the rest of the paper, we always assume that (X, d) is a complete cone metric space over the Banach algebra A and P is solid cone of A. We establish in this section a coupled coincidence point result for two mappings F, G : X × X → X satisfying certain contractive condition given by a fixed mapping g defined on X. Let a ∈ A, we use r(a) to denote the spectral radius of a.
Theorem 3.1. Let the mappings F, G : X × X → X and g : X → X satisfy
for all x, y, u, v ∈ X, where a 1 , a 2 , a 3 and a 4 ∈ P with r(a 1 ) + r(a 2 ) + 2r(a 3 ) + 2r(a 4 ) < 1. Moreover assume that F, G, and g fulfill the following conditions:
, and 3. g(X) is a complete subspace of X.
Then F, G and g have a common coupled coincidence point.
Proof. Let x 0 , y 0 be two arbitrary elements in X. Since F (X × X) ⊆ g(X), we can choose x 1 , y 1 ∈ X such that gx 1 = F (x 0 , y 0 ) and
, we can choose x 2 , y 2 ∈ X such that gx 2 = G(x 1 , y 1 ) and gy 2 = G(y 1 , x 1 ). Continuing this process, we construct two sequences {x n } and {y n } in X such that gx 2n+1 = F (x 2n , y 2n ), gy 2n+1 = F (y 2n , x 2n ), gx 2n+2 = G(x 2n+1 , y 2n+1 ) and
For each n ∈ N, by the given conditions, we have
Similarly, we get
By Lemma 2.3 and the given conditions, e − a 3 − a 4 is invertible. Let
From the inequalities (3.1) and (3.2), we obtain that
On the other hand, for every n ∈ N, we have
which implies that
By the similar arguments as above, we can get
Adding the inequalities (3.4) and (3.5), we get
Then the inequality (3.3) together with (3.6) implies that
Let {w n } ∞ n=0 = (gx 0 , gx 1 , gx 2 , . . .) and {z n } ∞ n=0 = (gy 0 , gy 1 , gy 2 , . . .). Then for n ∈ N, we have
We need only to consider the following two cases:
This case yields that w 0 = w 1 and z 0 = z 1 . By the formula (3.7), we get that w 0 = w n and z 0 = z n for each n ∈ N. Hence gx 0 = gx 1 = F (x 0 , y 0 ) and gy 0 = gy 1 = F (y 0 , x 0 ). Now we show that G(x 0 , y 0 ) = gx 0 and G(y 0 , x 0 ) = gy 0 . For that, we have
Since r(a 3 ) + r(a 4 ) < 1, d(gx 0 , G(x 0 , y 0 )) = θ and gx 0 = G(x 0 , y 0 ). Similarly, we can show that gy 0 = G(y 0 , x 0 ). Therefore we get that (x 0 , y 0 ) is a common coupled coincidence point of F, G and g.
In order to prove the following conclusion, we firstly verify the fact that r(λ) < 1.
In fact since r(a 1 ) + r(a 2 ) + 2r(a 3 ) + 2r(a 4
Thus for each c ∈ P with θ c, we can find a sufficient k ∈ N such that
So {w n } and {z n } are Cauchy sequences in g(X). As g(X) is complete, there exist x, y in X such that w n = gx n → gx and z n = gy n → gy as n → +∞. These give that gx 2n+1 → gx, gx 2n → gx, gy 2n+1 → gy, and gy 2n → gy as n → ∞. Now we prove that F (x, y) = G(x, y) = gx and F (y, x) = G(y, x) = gy. Clearly,
So the given conditions yield that
Then the formula (3.8) turns to
where
Since gx 2n+1 → gx, gy 2n+1 → gy and gx 2n+2 → gx as n → +∞, then for c θ there is N 0 ∈ N such that (F (x 2n , y 2n ), G(x, y) ), we get G(x, y) = gx. Hence F (x, y) = G(x, y) = gx. Similarly we can get F (y, x) = G(y, x) = gy. Therefore (x, y) is a common coupled coincidence point of F, G and g.
Coupled fixed point results for T -contractions on cone metric spaces over Banach algebras
At first, we introduce the conception of T -contractions which is the main object considered in this section. Definition 4.1. Let T, F : X → X be two mappings. F is said to be a T -contraction if there exists k ∈ P with r(k) < 1, such that d(T F x, T F y) kd(T x, T y), ∀x, y ∈ X.
Remark 4.2. A contraction is T -contractive since it suffices to take T = I, where I is the identity mapping on X.
Then A is a Banach algebra with unit e = (1, 1).
Then (Y, d) is a complete cone metric space over the Banach algebra A. Now define the mappings F : Y → Y by
and
π ) ∈ P , clearly k ∈ P and 0 < r(k) < 1 and it is not difficult to verify that, for each pair x, y ∈ Y ,
d(T F x, T F y) kd(T x, T y).
Theorem 4.3. Suppose that T : X → X is a surjective and one to one mapping. Furthermore, if the mapping F : X × X → X satisfies
for all x, y, u, v ∈ X, where α, β ∈ P with r(α + β) < 1, then there exist unique x * , y * ∈ X such that F (x * , y * ) = x * and F (y * , x * ) = y * , that is, F has a unique coupled fixed point.
Proof. Take x 0 , y 0 ∈ X and we denote
for all n ∈ N. Now according to (4.1), we have
. From (4.2) and (4.3), we obtain
where λ = α + β, r(λ) < 1. Thus, for all n,
Without loss of generality, we assume that d 0 > θ. Otherwise (x 0 , y 0 ) is a coupled fixed point of F . If m > n, then we have
and similarly,
By (4.5), (4.6), and (4.4), we have
Since r(λ) = r(α + β) < 1, by Remark 2.1 in [16] , we get λ n → 0, which together with Lemmas 2.4 and 2.5, implies that for every c ∈ int P , there exists N ∈ N such that d(T x n , T x m ) + d(T y n , T y m ) c for every m > n > N . So {T x n } and {T y n } are Cauchy sequences in X. The completeness of X gives that there exist x * , y * ∈ X such that
Noting (4.1), we can easily verify that
From the surjective property of T and Lemma 2.5, it follows that d(T F (x * , y * ), T x * ) = θ, that is, T F (x * , y * ) = T x * . Since T is one-to-one, then F (x * , y * ) = x * . Similarly, we can get F (y * , x * ) = y * . Therefore, (x * , y * ) is a coupled fixed point of F . Now if (x , y ) is another coupled fixed point of F , then
From (4.7) and (4.8), we have
Since r(λ) = r(α + β) < 1, it follows from (4.
That is T x * = T x and T y * = T y . As T is one to one, we have (x * , y * ) = (x , y ). Thus F has a unique coupled fixed point.
Corollary 4.4. Suppose that (X, d) is a complete cone metric space over the Banach algebra A, P is a solid cone of A, and T : X → X is a surjective and one to one mapping. Then any T -contraction on X has a unique fixed point.
Coincidence point results for contractions on cone metric spaces over Banach algebras
In order to present the next result, we firstly introduce some necessary conditions. Let φ : P → P be a mapping satisfying:
(1) if a, b ∈ P with a b, then there exists k ∈ A with r(k) < 1 for which φ(a) kφ(b);
(3) φ is sequentially continuous, i.e., if a n , a ∈ P and lim n→∞ a n = a, then lim n→∞ φ(a n ) = φ(a); (4) if φ(a n ) → θ, then a n → θ.
It is clear that φ(a) = θ if and only if a = θ provided φ satisfies all above properties.
Theorem 5.1. Suppose that f, g, h are self-mappings on X satisfying
where a, b, c ∈ P with 0 < r(a) + r(b) + r(c) < 1. Moreover if f (X) ∪ g(X) ⊂ h(X) and h(X) is a complete subspace of X, then f, g, and h have a unique point of coincidence in X.
, starting with x 0 we define a sequence {y n } such that
for all n ≥ 0. We shall prove that {y n } is a Cauchy sequence in X. If y n = y n+1 for some n, e.g., if y 2n = y 2n+1 , then from (5.1) we obtain
Since y 2n = y 2n+1 it follows from the above inequality that
As r(b) < 1, φ(d(y 2n+2 , y 2n+1 )) = θ which gives d(y 2n+2 , y 2n+1 ) = θ, i.e., y 2n+2 = y 2n+1 . Similarly we obtain that y 2n = y 2n+1 = y 2n+2 = · · · = v.
So {y n } is a Cauchy sequence. Suppose y n = y n+1 for all n. Then from (5.1) it follows that
From (5.2) and (5.3) we get
Let n, m ∈ N, then for the sequence {y n }, we consider φ(d(y n , y m )) in two cases.
(i) If n is even and m > n, then using (5.4) we obtain
(ii) If n is odd and m > n, then using (5.5) we obtain
Since 0 < r(λ) < 1, 0 < r(µ) < 1, 0 < r(λµ) < 1, in both cases φ(d(y n , y m )) → θ as n → ∞, and we have d(y n , y m ) → θ as n → ∞. Then by Lemmas 2.4 and 2.5, {y n } = {hx n−1 } is a Cauchy sequence. Since h(X) is complete, there exist v ∈ h(X) and u ∈ X such that lim n→∞ y n = v and v = hu.
Next we show that u is a coincidence point of pairs (f, h) and (g, h), i.e., f u = gu = hu.
as n → ∞, letting n → ∞ in above inequality we get
a contradiction. Therefore f u = hu. Similarly it can be shown that gu = hu. Therefore
Thus v is a point of coincidence of pairs (f, h) and (g, h).
In the following, we show that the point of coincidence of pairs (f, h) and (g, h) is unique. Suppose w is another point of coincidence of (f, h) and (g, h), i.e., f z = gz = hz = w for some z ∈ X. Then from (5.1) it follows that So φ(d(w, v)) = θ, i.e., w = v. Namely, the point of coincidence of pairs (f, h) and (g, h) is unique.
Applications
In the section, we give a simple application of one of the main results. Also the presented example shows that the given conditions of the main results are realizable and valid.
Let In fact, let A(x(t)) = z 0 (t) + t 0 K(t, s, x(s))ds, z 0 (t), x(t) ∈ C 2 R ([0, 1]), t ∈ [0, 1] and take k(t) = 
